Abstract. Some inequalities for the maximum and the minimum of the spectrum for the real part of a product of two operators in Hilbert spaces are given. Applications for one operator whose transform C a ,p{-) (introduced by the author in [9]) is accretive, are given as well.
Introduction
Let (H; (•,•)) be a complex Hilbert space. The numerical range of an operator A is the subset of the complex numbers C given by [10, It is well known that w(-) is a norm on the Banach algebra B(H) of all bounded linear operators defined on the real or complex Hilbert space H and the following inequality holds true [10, p. 9 ] (see also [11] )
w(A) < \\A\\ < 2w{A), for any A e B{H).
For classical results on numerical ranges of operators on normed spaces and of elements of normed algebras, see the books [1] , [2] and the original references therein. Recent results concerning various inequalities between these quantities have been obtained in [4] - [9] and [12] - [13] .
For a bounded linear operator A on the complex Hilbert space H, consider the maximum and the minimum of the spectrum of the real part of A denoted by : = sup ( inf )Re(Ax,rc) = A max(min) (Re(A)), where, by Re (A) we have denoted the real part of the operator A, i.e., we recall that Re(A) = \(A + A*).
The following properties are obvious by the definition:
(a) v.(-A) = -Vi(A), A G B{H)-(aa) Vi(A) > 0 for accretive operators on H] (aaa) v s{i) (A + B) < (>)v s{i) (A) + v s(i) {B) for any A,B £ B(H);
(av) max{|t; < (i4)| > |r; s (A)|} = ti;(Re(A)) = ||Re(i4)||<ii/(i4) for all AeB(H). In any normed linear space (E, || • ||), since the function f : E R, f(x) -\ ||x|| 2 is convex, one can introduce the following semi-inner products (see for instance [3] ):
where x, y are vectors in E. The mappings (•,•)« and (-,-)i are called the superior respectively the inferior semi-inner product associated with the norm || • ||.
For the sake of completeness we list here some fundamental properties of
The following Schwarz type inequality holds: \(x,y) p \ < ||a:||||y||, for any x,y G E; (vii) The following identity holds:
for any «61 and x,y G E\ (viii) The following sub(super)-additivity property holds:
for any x,y,z G E, where the sign "<" applies for the superior semiinner product, while the sign ">" applies for the inferior one; (ix) The following continuity property is valid: respectively, where A,Be B(H). It is obvious that the semi-inner products (•, -)s({)<n(w) defined above have the usual properties of such mappings defined on general normed spaces and some special properties that will be specified in the following.
As a specific property that follows by the well known inequality between the norm and the numerical radius of an operator, i.e., w(A) < ||j 4|| for any A e B(H), we have It may be of interest to note that (A, I)s,n and (A, I)s>w are also called the logarithmic norms of A corresponding to || • || and w respectively. Logarithmic norms corresponding to a given norm have been rather widely studied (mainly in the fnite-dimensional case); see [16] .
The following result is due to Lumer (see [14, Lemma 12] ) and was obtained originally for the numerical radius of operators in Banach spaces: The following simple result provides a connection between the semi-inner products generated by the operator norm and by the numerical radius as follows (see [9] ): Now, on employing the properties of the semi-inner products outlined above, we can state the following properties as well: [9] ):
and (
1.9) (vi(A) =)(A,I) iiW < ±[(I,A) a , w + {I,A) itW ] < (A,I), tW (=v a {A)).
Since w(A) < ||A||, hence the first inequality in (1.7) provides a better upper bound for ^(AA) than the first inequality in (1.6). For other inequalities between the numerical radius, the operator norm and the maximum and the minimum of the spectrum of the real part, see the recent paper [9] .
Motivated by the above results we are interested in this paper to provide various bounds for the nonnegative quantities 
More inequalities for the maximum and the minimum of the spectrum for the real part
The following result may be stated: Moreover,
Proof. Observe that we have the equality for any x G H. Taking the supremum in this inequality over ||x|| = 1 we deduce the second part of (2.1). The inequality (2.2) follows from (2.1) written from -B and making use of the property (a) above.
The inequality (2.3) follows from (2.2), (2.1) and the property (av) above.
•
The following particular case is also of interest
respectively.
Moreover,
The proof is obvious by the above Theorem 3 on choosing B = A* and noticing that Re(j4) = and Im(^l) = The following result that provides a different inequality can be stated as well: 
However v s (-B*A) = -Vi(B*A) and w[{A* + B*)(A -B)] = + B*)(A -B))*} = w[{A* -B*)(A + B)]
and the first part of (2.6) is obtained. The second part is obvious.
The inequality (2.7) follows from (2.5), (2.6) and the property (av) above.
The following particular case may be stated as well: The proof is obvious from the above Theorem 4 by choosing B -A* and the details are omitted.
For a bounded linear operator T consider the quantity £(T) := infii^n=1 ||rz||. We can state the following result as well. for any x £ H with ||x|| = 1. Taking the supremum over jjx|| = 1 we deduce the second part of (2.8). The first part is obvious. The second and the third inequalities can be obtained from the first one in the similar manner outlined in the proof of Theorem 3 and the details are omitted.
• The following particular case can then be also stated:
COROLLARY 3. Let A be a non-self adjoint operator and so that £(A*) >
||A-then 
Other inequalities
The following result may be stated as well: Taking the supremum over ||x|| = 1 in this inequality produces the last part of (3.1). The rest of the inequality is obvious.
The other two inequalities follow from the first one and the details are omitted.
• In particular, for B = A* we have:
and
respectively. Moreover,
Prom a different perspective we can provide the following result as well: Moreover, we have
Proof. From the identity (3.4) we easily derive the inequality
for any x € H. On the other hand we have
for any x £ H. Now, combining the above two inequalities we deduce the inequality
for any x G H. Taking the supremum over ||x|| = 1 in this inequality we obtain the second part of (3.6). The rest of the inequality is obvious.
The second and the third inequalities from the theorem follow from the first one and the details are omitted.
• In particular we get 
The proof follows from Theorem 3 on choosing B = • I and taking into account that Ca}p(A) is accretive implies the fact that ||T -^^ • 7|| < \\f}-a\. It is clear that for B = XI with A e C we have ||B|| = £{B) = |A| and by applying Theorem 7 we can state the following results for one operator: PROPOSITION 
With the assumptions of Proposition 1 we have the inequality
In particular we have: For the positive constants we have: 
With the assumptions of Corollary 7 we have the inequality

